[bookmark: _Toc299817351][bookmark: _Toc308634391][bookmark: _Toc308634550][bookmark: _GoBack][image: ]
[bookmark: _Toc308886493][bookmark: _Toc308886624][bookmark: _Toc308886686][bookmark: _Toc308891607][bookmark: _Toc308892496][bookmark: _Toc450553106][bookmark: _Toc450553164][bookmark: _Toc450812094][bookmark: _Toc308634392][bookmark: _Toc308634551]Further Mathematics 2016
[bookmark: _Toc308886494][bookmark: _Toc308886625][bookmark: _Toc308886687][bookmark: _Toc308891608][bookmark: _Toc308892497][bookmark: _Toc450553107][bookmark: _Toc450553165][bookmark: _Toc450812095]Core: RECURSION AND FINANCIAL MODELLING
[bookmark: _Toc308886495][bookmark: _Toc308886626][bookmark: _Toc308886688][bookmark: _Toc308891609][bookmark: _Toc308892498][bookmark: _Toc450812096]Chapter 7 – Loans, investments and asset values
[bookmark: _Toc450812097]Key knowledge (Chapter 7)
· Amortisation of a reducing balance loan or annuity and amortisation tables
· Reducing balance loans, annuities, perpetuities and annuity investments.

[bookmark: _Toc450812098]Key skills
· Use a table to investigate and analyse on a step–by-step basis the amortisation of a reducing balance loan or an annuity, and interpret amortisation tables
· Using a CAS calculator, solve practical problems associated with compound interest investments and loans, reducing balance loans, annuities and perpetuities, and annuity investments.

	Chapter Sections
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	7.2 Reducing balance loans I
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	7.3 Reducing balance loans II
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	7.4 Reducing balance loans III
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[bookmark: _Toc450812099]7.2 Reducing balance loans I
[bookmark: _Toc450812100]Introduction to Annuities

When we invest money with a financial institution such as a bank or credit union, the institution pays us interest as it is using our money to lend to others. Conversely, when we borrow money, we are using the financial institutions money and thus we are charged interest.
Interest is usually charged monthly by financial institution and repayments are made regularly by borrowers. The repayments are usually more than interest charged and therefore the amount owing reduces. Since the amount owing reduces the amount of interest charged reduces also.

The terms below are often used when talking about reducing balance loans:
Principal, V0 = amount borrowed ($)
Balance, Vn = amount still owing ($)
Term = life of the loan = (years)
To discharge a loan = to pay off a loan (when Vn = $0)

‘Interest only’ loans exist where the repayments equal the interest added but the balance does not decrease. This option is available to people who wish to make the smallest payment possible such as property investors.

[bookmark: _Toc450812101]Annuities
An annuity is an investment that has regular and constant payments over a period of time e.g. Superannuation payments. Below is the recurrence relation that calculates the value of an annuity after each time period.

[image: ]



[bookmark: _Toc450812102]Worked Example 1
A loan of $100 000 is taken out over 15 years at a rate of 7.5% p.a. (interest debited monthly) and is to be paid back monthly with $927 instalments. Complete the table below for the first five payments.




	n + 1
	Vn
	d
	Vn+1 

	1
	$100 000
	
	

	2
	
	
	

	3
	
	
	

	4
	
	
	

	5
	
	
	




	Worked Example 1 on CAS calculator

	· Enter the labels “n+1”, “Vn”, “Pmt” (for Payment), “Vn+1”
Note: You can’t use + on the CAS so spell it out

· Next enter 1 to 5 in column A, and the starting values for Vn=b1=100,000, Pmt=c1=927 in cells b1 and c1 respectively.
· In cell d1 insert the equation 

Note: where 0.625 is r the interest rate per period (7.5/12) 
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· In cell b2 enter
=d1


This is just using the previous answer as the starting value of the next.
	[image: ]

	Now fill down the equations of cells b2, c2 and d2, downward for each of columns b, c and d.
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[bookmark: _Toc450812103]The Annuities formula
The annuities formula can be used to determine the amount of money still owing at any point of time during the term of a reducing balance loan. When someone borrows money from a financial institution that person is contracted to make regular payments (annuities) in order to repay the amount borrow in the agreed time period.

[image: ]

[bookmark: _Toc450812104]Worked Example 2
A loan of $50 000 is taken out over 20 years at a rate of 6% p.a. (interest debited monthly) and is to be repaid with monthly instalments of $358.22. Find the amount still owing after 10 years.













	Worked Example 2 on CAS calculator

	Use the solve function
Enter the equation

when:
Vo=50000
d=358.22
R=1.005
N=120
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	Top Tip: Save this equation and just change the values.




[bookmark: _Toc450812105]The Financial Solver
Note: The Financial Solver on CAS can be used in annuities calculations in the same way it was used for compound interest calculations.
[bookmark: _Toc450812106]Worked Example 3
Rob wants to borrow $2800 for a new sound system at 7.5% p.a., interest adjusted monthly.
a) What would be Rob’s monthly repayment if the loan is fully repaid in 1 ½ years?












b) What would be the total interest charged?












	Worked Example 3 on CAS calculator

	Using the Financial Solver 
Enter the following:
n (N:) = _______
r (I(%):) = _______ 
V0 (PV:) = _______ 
Pmt: = _______ 
Vn (FV:) = _______ 
PpY: = _______ 
CpY: = _______
Place the cursor on Pmt:. 
Press ENTER · to solve.
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	Total Interest paid = total repayments – amount borrowed

	Total interest = 164.95 x 18 – 2800
                         = 2969.10 – 2800
                         = $169.10




[bookmark: _Toc450812107]Worked Example 4
Josh borrows $12 000 for some home office equipment. He agrees to repay the loan over 4 years with monthly instalments at 7.8% (adjusted monthly). 
Find:
a) the instalment value
	Calculate the value of n:	n = 4 x 12 = 48

	Using the Financial Solver 
Enter the following:
n (N:) =  _______
r (I(%:) =  _______
P (PV:) =  _______
Pmt: =  _______
FV: =  _______
PpY: =  _______
CpY: =  _______
Place the cursor on Pmt:
Press ENTER to solve.  
	[image: ]

	The monthly repayment over the 4 year period is $291.83



b) the principal repaid and interest paid during the: 
i) 10th repayment
	
To calculate this we need to find the difference between the 9th and 10th repayments. Using the CAS financial solver, this means we need to find the amount owed (FV) after the 9th and 10th payments.

	Using the Financial Solver 
Enter the following:
r (I(%)) = 7.8 
P (PV): = 12 000 
Pmt: =  -291.82
(FV): = unknown  
PpY: = 12 
CpY: = 12 
With
n (N:) = 9 & n (N:) = 10
Place the cursor on FV:
Press ENTER · to solve.  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Principal owing after 9th repayment is $10024.73, Principal owing after 10th repayment is $9798.06.
So, the principal repaid during the 10th repayment is $10024.73 - $9798.06 = $226.67

If $291.83 is the monthly repayment and $226.67 is the principal repaid 
then the interest paid is: $291.83 - $226.67 = $65.16

Answer in words, In the 10th repayment, $226.67 of the Principal is repaid and $65.16 interest is paid.





ii) 40th repayment

	
Using the Financial Solver 
Enter the following:
r (I(%)): = _______ 
P (PV): = _______ 
Pmt: = _______
(FV): = _______ 
PpY: = _______
CpY: = _______ 

With
n (N:) = 39, 40
Place the cursor on FV:
Press ENTER to solve.  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Principal owing after 39th repayment is $2543.10, Principal owing after 40th repayment is $2267.80.
So, the principal repaid during the 10th repayment is $2543.10 - $2267.80 = $275.30

So, if $291.83 is the monthly repayment and $275.30 is the principal repaid then 
$291.83 - $275.30 = $16.53
In words, In the 40th repayment, $275.30 of the Principal is repaid and $16.53 interest is paid.

This makes sense!! At the 40th repayment there is less money owed so therefore there is less interest to pay. 




[bookmark: _Toc450812108]7.3 Reducing balance loans II
[bookmark: _Toc450812109]Number of repayments
A situation can arise in reducing balance loans when a borrower knows how much money needs to be borrowed as well as the amount of money that can be repaid each month. A person then would want to know how long the loan needs to be, that is, to determine the number of repayments, n, required. 

[bookmark: _Toc450812110]Worked Example 5
A reducing balance loan of $60 000 is to be repaid with monthly instalments of $483.36 at an interest rate of 7.5% p.a. (debited monthly).
Find:
a) the number of monthly repayments (and, hence, the term of the loan in more meaningful units) needed to repay the loan in full

	Using the Financial Solver 
Enter the following:
n (N:) = unknown  
r (I(%):) = _______  
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on N, Press ENTER to solve.  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	Interpret the results:
n = 240 months is 240/12 = 20 years
Hence, the term of the loan needs to be 20 years




b) the total interest charged












Sometimes we may want to find the time for only part of the loan term. The procedure that is followed is the same as Worked example 5; however, Vn is zero only if we are calculating the time to repay the loan in full. Otherwise we should consider the amount still owing at that time. The next example shows this.


[bookmark: _Toc450812111]Worked Example 6
Some time ago, Petra borrowed $14 000 to buy a car. Interest on this reducing balance loan has been charged at 9.2% p.a. (adjusted monthly) and she has been paying $446.50 each month to service the loan. Currently she still owes $9753.92. How long ago did Petra borrow the money?
	Using the Financial Solver 
Enter the following:
n (N:) = unknown  
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt*: =  _______ 
FV*: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on N, Press ENTER to solve.  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	*Note: in this case both the payment and the Final Value are negative (-) because they are monies you owe.

	Answer the question:





In the situations covered so far, we have considered calculating only the time from the start of the loan to a later date (including repayment in full). It does not matter what period of the loan is considered; we can still use the Financial Solver. In using CAS, we can define Vn as the amount owing at the end of the time period and V0 as the amount owing as the start of the time period.
[bookmark: _Toc450812112]Worked Example 7
A loan of $11 000 is being repaid by monthly instalments of $362.74 with interest being charged at 11.5% p.a. (debited monthly). Currently, the amount owing is $7744.05. How much longer will it take to:
a) reduce the amount outstanding to $2105.11
	Using the Financial Solver 
Enter the following:
n (N:) = unknown  
r (I(%): = _______ 
P* (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on N, Press ENTER to solve.  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	*Note: In this case the Principal Value is 7744.05 as this is the current amount.
Note:   N is in months because PpY is in months.

	Answer the question:




Above, the time is 18 months which we know is 1 ½ years. If the value for n was 32. Then we would divide by 12, giving 32/12=2.667. In this case we would have 2 years and 0.667x12months=8 months. So, the answer would be 2 years and 8 months.

b) repay the loan in full?

	Using the Financial Solver 
Enter the following:
n (N:) = unknown  
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on N, Press ENTER to solve.  
	[image: ]

	Answer the question:







[bookmark: _Toc450812113]Effects of changing the repayments
As most loans are taking over a long time, such as mortgages, the financial situation of the borrower is likely to change e.g. they may get a pay increase and decide to increase their repayments or they may have financial difficulties and seek to decrease their repayments. 
In this section we will look at the effects of changing repayments on the term of the loan and the total interest paid.
[bookmark: _Toc450812114]Worked Example 8
A reducing balance loan of $16 000 has a term of 5 years. It is to be repaid by monthly instralments at a rate of 8.4% p.a. (debited monthly).
a) Find the repayment value.
	Calculate the value of n:	n = 5 x 12 = 60
	Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on Pmt, Press ENTER to solve. 
	[image: ]

	Answer the question:








b) What will be the term of the loan if the repayment is increased to $393.62?

	Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on N, Press ENTER to solve.  
	[image: ]

	Answer the question:








c) Calculate the total interest paid for repayments of $393.62











d) By how much does the interest figure in c differ from that paid for the original offer?














[bookmark: _Toc450812115]Increasing the repayment amount
If a borrower increases the amount of each repayment and all the other variables remain the same, the term of the loan is reduced. Conversely if a decrease in the repayments occurs the term of the loan is increased.
[bookmark: _Toc450812116]Worked Example 9
Brad borrowed $22 000 to start a business and agreed to repay the loan over 10 years with quarterly instalments of $783.22 and interest debited at 7.4% p.a. However, after 6 years of the loan Brad decided to increase the repayment value to $879.59. Find:
a) the actual term of the loan
	Calculate the value of n:	n = 6 x 4 = 24
	Using the Financial Solver* 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on FV, Press ENTER to solve.  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	Now we need to find the n value to repay the loan in full, in other words reduce $10761.83 to $0. 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on N, Press ENTER to solve.  
	[image: ]


b) the total interest paid









c) the interest saving achieved by increasing the repayment value.

[bookmark: _Toc450812117]7.4 Reducing balance loans III
When paying off a loan it is often wise to follow its progress through the life of the loan. The amortisation of the loan can be tracked on a step-by-step basis by following the payments made, the interest and reduction in the principal. Amortisation is defined as the regular decrease in value (depreciation) of an asset or the paying off a debt over time through regular repayments.

[bookmark: _Toc450812118]Worked Example 10
Sharyn takes out a loan of $5500 to pay for solar heating for her pool. The loan is to be paid in full over 3 years with quarterly payments at 6% p.a.

a) Calculate the quarterly payment required.
	Calculate the value of n:	n = 3years x 4 quarters = 12
	Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on Pmt:
Press ENTER to solve.  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b) Complete an amortisation table for the loan with the following headings.
	Payment 
	Principal outstanding ($)
	Interest due ($)
	Payment ($)
	Loan outstanding ($)

	1
	5500
	
	
	

	2
	
	
	
	

	3
	
	
	
	

	4
	
	
	
	

	5
	
	
	
	

	6
	
	
	
	

	7
	
	
	
	

	8
	
	
	
	

	9
	
	
	
	

	10
	
	
	
	

	11
	
	
	
	

	12
	
	
	
	




[bookmark: _Toc450812119]Frequency of repayments
In this section the effect on the actual term of the loan, and on the total amount of interest charged, of making more frequent repayments. The value of the repayments will change, the actual outlay will not e.g. a $3000 quarterly repayment will be compared to a $1000 monthly repayments. 
[bookmark: _Toc450812120]Worked Example 11
Tessa wants to buy a dress shop. She borrows $15 000 at 8.5% p.a. (debited prior to each repayment) of the reducing balance. She can afford quarterly repayments of $928.45 and this will pay the loan in full in exactly 5 years.
One-third of the quarterly repayments gives the equivalent monthly repayment of $309.48. the equivalent fortnightly repayment is $142.84. Find:
i) the term of the loan
	Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on Pmt:
Press ENTER to solve.  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ii) the amount still owing prior to the last payment if Tessa made repayments:
a) monthly
Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

b) fortnightly
Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 



While the outlay will be the same, the term of the loan will be reduced when repayments are made more often. We can determine the savings for the loan. In such a case, the final (partial) repayment is considered separately as the interest charged is less in comparison to the rest of the repayments.
[image: ]
[bookmark: _Toc450812121]Worked Example 12
In Worked example 11, Tessa’s $15 000 loan at 8.5% p.a. gave the following three scenarios:
1. quarterly repayments of $928.45 for 5 years
2. monthly repayments of $309.48 for 59 months with $179.27 still outstanding
3. fortnightly repayments of $142.84 for 128 fortnights with $120.64 still owing.
Compare the total interest paid by Tessa if she repaid her loan:
a) quarterly
b) monthly
c) fortnightly
































Savings increase when the frequency of repayments increase, this occurs as the amount owed is reduced more frequently and so the amount of interest charged is slightly less.

[bookmark: _Toc450812122]Changing the rate
Over the term of a loan, the interest rate is likely to change. The Reserve Bank of Australia, the main monetary authority of the Federal Government, is the overall guiding influence on monetary factors in the Australian economy, it indirectly controls the interest rates, financial institutions charge.
Different financial institutions may have different interest rates and there is interest rate variation in an institution depending on the type of loan. Smaller loans, such as personal loans, have higher rates compared to home loans.
In this section, the effect of changing interest rates on the term of the loan and the total interest paid will be reviewed.
[bookmark: _Toc450812123]Worked Example 13
A reducing balance loan of $18 000 has been taken out over 5 years at 8% p.a. (adjusted monthly) with monthly repayments of $364.98.
a) What is the total interest paid?







b) If, instead, the rate was 9% p.a. (adjusted monthly) and the repayments remained the same, what would be:
i) the term of the loan

Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 




ii) the total amount of interest paid?

Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 


Worked Example 14
Natsuko and Hymie took out a loan for home renovations. The loan of $42 000 was due to run for 10 years and attract interest at 7% p.a., debited quarterly on the outstanding balance. Repayments of $1468.83 were made each quarter. After 4 years the rate changed to 8% p.a. (debited quarterly). The repayment value did not change.
a) Find the amount outstanding when the rate changed.

Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 






b) Find the actual term of the loan.
Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 






c) compare the total interest paid to what it would have been if the rate had remained at 7% p.a. for the 10 years.




Interest only loans
Interest only loans are loans where the borrower makes only the minimum repayment equal to the interest equal to the interest charged on the loan. As the principal and amount owing is the same for the period of this loan, we can use the simple interest formula or CAS. When using the Financial Solver the present value (PV) and future value (FV) are the same (with the FV negative to indicate it is owed to the bank.
Note: Future value is negative to indicate the money is owed to the bank.
This type of loan is used by investors of shares and/or property or people experiencing financial difficulties and seek short-term relief.
Worked Example 15
Jade wishes to borrow $40 000 to invest in shares. She uses an interest only loan to minimise her repayment and hopes to raise a capital gain when she sells the shares at a higher value. The term of the loan is 6.9% p.a. compounded monthly with monthly repayments equal to the interest charged.
a) calculate the monthly interest-only repayment.








b) If, in 3 years, she sells the shares for $50 000, calculate the profit she would make on this investment strategy.

[bookmark: _Toc450812124]7.5 Reducing balance and flat rate loan comparisons
In reducing balance loans, interest is calculated on the current balance. Since the balance reduces, the amount of interest charged also reduces.
In contrast, flat rate loans, charge a fixed amount of interest as a percentage of the original amount borrowed. This is calculated at the start of a loan and added to the amount borrowed. Since it is a flat rate based on a fixed amount, the simple interest formula is used to calculate the interest:

[bookmark: _Toc450812125]Worked Example 16
A loan of $12 000 is taken out over 5 years at 12% p.a. Find:
a) the monthly repayment
i) a flat rate loan
a) the monthly repayment










b) the total amount of interest paid if the money is borrowed on:




ii) a reducing balance loan.
a) the monthly repayment

	Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on Pmt:
Press ENTER to solve.  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b) the total amount of interest paid if the money is borrowed on:





In the last example, the difference between the two loan types is significant. For the reducing balance loan, each month $53.07 less is repaid and overall $3184.20 less interest is paid.  Choosing a reducing balance loan rather than a flat rate loan results in a smaller repayment value or a shorter term and in both cases an interest saving. Now let us consider what flat rate of interest is equivalent to the rate for a reducing balance loan. 
[bookmark: _Toc450812126]Worked Example 17
A reducing balance loan of $25 000 is repaid over 8 years with monthly instalments and interest charged at 9% p.a. (debited monthly). Find: 
a) the repayment value

	Using the Financial Solver 
Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 
Place the cursor on Pmt:
Press ENTER to solve.  
	[image: ]







b) the total amount of interest paid






c) the equivalent flat rate of interest for a loan in which all other variable are the same.









[bookmark: _Toc450812127]Worked Example 18
A loan of $76 000 is repaid over 20 years by quarterly instalments of $2205.98 and interest is charged quarterly at 10% p.a. of the outstanding balance.

Find:
a) the total amount of interest paid is: 	Total Interest = Pmt x N – PV, so first calculate n.
	Calculate the value of n:	n = 6 x 4 = 24













b) the amount which can be borrowed on a flat rate loan in which all other variables are the same as above












c) the difference in the amount borrowed between the two types of loans

[bookmark: _Toc450812128]7.6 Effective annual interest rate 
We have considered paying off a loan at a set interest rate, however, we have found the amount of interest paid would vary with different compounding terms (daily, weekly, monthly etc). The effective annual interest rate is used to compare the annual interest between loans with these compounding terms.
[image: ]
For a loan of $100 at 10% p.a. compounding quarterly over 2 years.
The effective annual interest rate:





This means that the effective annual interest rate is actually 10.38% and not 10%.
The comparison between the two can be shown in the following table.

	Period
	Amount owing ($)
	Annual effective rate calculation ($)

	1
	
	

	2
	
	

	3
	
	

	4 (Year 1)
	
	

	5
	
	

	6
	
	

	7
	
	

	8 (Year 2)
	
	


[bookmark: _Toc450812129]Worked Example 19
Jason decides to borrow money for a holiday. If a personal loan is taken over 4 years with equal quarterly repayments compounding at 12% p.a., calculate the effective annual rate of interest (correct to 2 decimal places).

[bookmark: _Toc450812130]7.7 Perpetuities 
There a variety of ways to invest money, one is a managed fund, whereby, you invest an initial principal and hope the fund managers are able to invest the money to gain a positive return. In some years money may be lost and the percentage returns can vary from year to year.
Another option is to regularly contribute to the fund after the initial investment, thus increasing the principal and the interest earnt. This is an example of a first-order recurrence relation.
[bookmark: _Toc450812131]Worked Example 20
Jonathan invested $5000 in a managed fund that will earn an average of 8% p.a. over a 2 year period with interested calculated monthly. If Johnathan contributes $100 at the start of the second, third, fourth and fifth months, complete the table to find the value of his investment at the end of the fifth month.





	Time period

	Principal ($)
	Interest earned ($)
	Balance ($)

	1
	5000
	
	

	2
	
	
	

	3
	
	
	

	4
	
	
	

	5
	
	
	


A perpetuity is an annuity where a permanently invested sum of money provides regular repayments that continue forever. Scholarships or grants offered to students at University are provided by funds known as perpetuities. Wealthy people who wish to support a worthy cause set up perpetuities.
The funds last for an indefinite period of time as the amount paid out is the same as the interest earned on the initial lump sum deposited. The balance of the amount invested does not change and is the same for an indefinite period.
[image: ]

Note: The period of the regular repayments must be the same as the period of the given interest rate.
Finance Solver can be used. As the principal does not change, the PV (negative cash flow) and the FV (positive cash flow) are entered as the same amount but with opposite signs.


[bookmark: _Toc450812132]Worked Example 21 Multiple Choice
Robert wishes to use part of his wealth to set up a scholarship fund to help young students from his town further their education at university. Robert invests $200 000 in a bond that offers a long-term guaranteed interest rate of 4% p.a. If the interest is calculated once a year, then the annual amount provided as scholarship will be:
A $188 000	B $288 000	C $666.67	D $8000	E $4000









[bookmark: _Toc450812133]Finding Vo and r
If the frequency of the payments each year is not the same as the compounding period of the given interest rate, then Finance Solver is to be used with different values for PpY and CpY.
Note: The principal must be known to use Finance Solver. Finance Solver gives the interest rate per annum
[image: ]
[bookmark: _Toc450812134]Worked Example 22
A Rotary Club has $100 000 to set up a perpetuity as a grant for the local junior sporting clubs. The club invests in bonds that return 5.2% p.a. compounding annually.
a) Find the amount of the annual grant.








Alternatively, use the Finance Solver
	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on Pmt: Press ENTER to solve.  
	[image: ]


b) What interest rate (compounding annually) would be required if the perpetuity is to provide $6000 each year?




Alternatively, use the Finance Solver
	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on I(%): Press ENTER to solve.  
	[image: ]





The Rotary Club wants to investigate other possible arrangements for the structure of the grant.
c) How much extra would the annual grant amount to if the original interest rate was compounded monthly?



	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on Pmt: Press ENTER to solve.  
	[image: ]





d) What interest rate (compounded monthly) would be required to provide 4 equal payments of $1500 every 3 months? Give your answer correct to 2 decimal places.

	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on I(%):, Press ENTER to solve.  
	[image: ]





[bookmark: _Toc450812135]Worked Example 23
A benefactor of a college has been approached to provide a Year 7 scholarship of $1000 per term. He is able to get a financial institution to offer a long-term interest rate of 8% per annum. What is the principal that needs to be invested?

[bookmark: _Toc450812136]7.8 Annuity investments 
A savings plan, like a Christmas Club account, where an initial principal is invested as well as regular deposits are made. The interest earned is calculated regularly on the balance of the investment, which increase with each regular deposit (annuity). This is similar to a reducing balance loan except the principal is growing and it is your own money, not a loan.
An annuity investment is an investment that has regular deposits made over a period of time. 
[image: ]
[bookmark: _Toc450812137]Worked Example 24
An initial deposit of $1000 was made on an investment taken out over 5 years at a rate of 5.04% p.a. (interest calculated monthly), and an additional deposit of $100 is made each month. Complete the table below for the first five deposits and calculate how much interest had been earned over this time.

	n + 1
	Vn 
	d
	Vn+1 

	1
	$1000
	
	

	2
	
	
	

	3
	
	
	

	4
	
	
	

	5
	
	
	







[bookmark: _Toc450812138]Superannuation
By the time we retire, we will have to provide enough money to live on, in Australia this is called Superannuation. When we begin working, our employers are required by law to contribute money to a Superannuation fund, employees can also ‘top up’ their superannuation account by contributing money themselves. The money builds up over many years and can be withdrawn when a person reaches retirement age. The fund then can be placed into an annuity or perpetuity that pays for the retiree’s living expenses and lifestyle. 
It is important to determine how much money you will need to retire on, to have the lifestyle you would like, seeing a financial advisor can help.
The money in the Superannuation fund is invested in shares and property by superannuation fund managers. The performance of the funds varies year to year. For simplicity in determining the return of a superannuation fund, it will be assumed that the interest rate remains the same and outside influences such as taxation and inflation, will not be considered. 
The money that builds up in these annuities investments can be calculated using the annuities formula, except the amount Vn grows with the addition of regular payments d.
[image: ]
Finance Solver can also be used in a similar way to reducing balance loans, with the difference of the cash flows are reversed (opposite sign).
[bookmark: _Toc450812139]Worked Example 25
Helen currently has $2000 in a savings account that is averaging an interest rate of 8% p.a. compounding annually. She wants to calculate the amount that she will receive in 5 years when she plans to go on an overseas trip.
a) If she deposits $6000 each year find (correct to the nearest $1000) the amount available for her overseas trip.









Alternatively, use the Finance Solver
	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on FV: Press ENTER to solve.  
	[image: ]





b) If she places her $2000 and increases her deposits to $7000 each year into a different savings account that can offer 9% p.a. compounding annually, find (correct to the nearest $1000) the amount available for her overseas trip.







Alternatively, use the Finance Solver
	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on FV: Press ENTER to solve.  
	[image: ]





c) Calculate the extra amount saved by investing $7000 each year at 9% p.a. compared with $6000 each year at 8% p.a.











[bookmark: _Toc450812140]Planning for retirement
When do you want to retire? How much money do you need? Are you planning to travel? As the life expectancy for Australian’s is expected to be more than 80 years old, people will need to plan for 20 plus years of retirement. A common target is to have 60 to 65% of your pre-retirement income. So if you earn $60 000 p.a. now, your retirement income would be $36 000 p.a. (in today’s dollars).

Planning for retirement should be regularly revisited, to ensure enough money is being invested. Financial planners are able to assist in this planning.

[bookmark: _Toc450812141]Worked Example 26
Andrew is aged 45 and is planning to retire at 65 years of age. He estimates that he needs $480 000 to provide for his retirement. His current superannuation fund has a balance of $60 000 and is delivering 7% p.a. compounded monthly.
a) Find the monthly contributions needed to meet the retirement lump sum target.










Alternatively, use the Finance Solver
	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on Pmt: Press ENTER to solve.  
	[image: ]





b) If in the final ten years before retirement, Andrew doubles his monthly contribution calculated from (a), find the new lump sum amount available for retirement.











Alternatively, use the Finance Solver. We need to split it into the first 10 years and then the last 10 years
	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on FV: Press ENTER to solve.  
	[image: ]

	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on FV: Press ENTER to solve.  
	[image: ]








c) How much extra could Andrew expect if the interest rate from part b is increased to 9% p.a. (from the final 10 years) compounded monthly? Round the answer correct to the nearest $1000.






Alternatively, use the Finance Solver
	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on FV: Press ENTER to solve.  
	[image: ]




[bookmark: _Toc450812142]Retirement
Once a person retires, they can receive a lump sum from their Superannuation fund, this lump sum can be transferred or rolled over to a suitable annuity. This annuity will provide a regular income to live on.
There are two options:
1. Perpetuities – an annuity that provides regular payments forever. The benefits of this is it will provide income to the retiree no matter how long they live and it can be willed to relatives, who will collect the same annuity indefinitely.
2. Annuity – reducing balance. The fund manager borrows the money and pays the retiree a regular income for a specified period of time.  The disadvantage is if the retiree out lives the term of the reducing balance annuity, the money will run out.
[bookmark: _Toc450812143]Worked Example 27
Jarrod is aged 50 and is planning to retire at 55. His annual salary is $70 000 and his employer contributions are 9% of his gross monthly income. Jarrod also contributes a further $500 a month as a salary sacrifice (that is, he pays $500 from his salary to the superannuation fund. The superfund has been returning an interest rate of 7.2% p.a. compounded monthly and his current balance in the superfund is $255 000.
a) Calculate Jarrod’s total monthly contributions to the superannuation fund.










b) Calculate the lump sum that he can receive for his planned retirement at age 55.









Alternatively, use the Finance Solver
	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on FV: Press ENTER to solve.  
	[image: ]


Jarrod has two options for setting up an annuity to provide a regular income after he retires at 55.
1. A perpetuity that offers monthly payments at 8% p.a. compounded monthly.
2. A reducing balance annuity, also paid monthly at 8% p.a., compounded monthly.

c) Calculate the monthly annuity using options 1. Express the annual salary from this option as a percentage of his current salary.











d) Calculate the monthly annuity using option 2 if the fund needs to last for 25 years. Express the annual salary from this option as a percentage of his current salary.









Alternatively, use the Finance Solver
	Using the Financial Solver, Enter the following:
n (N:) =  _______ 
r (I(%): = _______ 
P (PV:) =  _______ 
Pmt: =  _______ 
FV: =  _______ 
PpY: =  _______ 
CpY: =  _______ 

Place the cursor on Pmt: Press ENTER to solve.  
	[image: ]
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Question 4
A home buyer takes out a reducing balance loan of $250 000 to purchase an apartment.
Interest on the loan will be calculated and paid monthly at the rate of 6.25% per annum.
a. The loan will be fully repaid in equal monthly instalments over 20 years.

i. Find the monthly repayment, in dollars, correct to the nearest cent.

ii. Calculate the total interest that will be paid over the 20 year term of the loan.

Write your answer correct to the nearest dollar.

1 +2 =3 marks

b. After 60 monthly repayments have been made, what will be the outstanding principal on the loan?
Write your answer correct to the nearest dollar.

1 mark

By making a lump sum payment after nine years, the home buyer is able to reduce the principal on his loan to

$100000. At this time, his monthly repayment changes to $1250. The interest rate remains at 6.25% per annum,

compounding monthly.

c.  With these changes, how many months, in total, will it take the home buyer to fully repay the $250000
loan?

1 mark
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Question 4
Tania takes out a reducing balance loan of $265000 to pay for her house.
Her monthly repayments will be $1980.
Interest on the loan will be calculated and paid monthly at the rate of 7.62% per annum.
a.  i. How many monthly repayments are required to repay the loan?
‘Write your answer to the nearest month.

ii. Determine the amount that is paid off the principal of this loan in the first year.
‘Write your answer to the nearest cent.

1+ 1=2marks

Immediately after Tania made her twelfth payment, the interest rate on her loan increased to 8.2% per annum,
compounding monthly.
Tania decided to increase her monthly repayment so that the loan would be repaid in a further nineteen years.

b. Determine the new monthly repayment.
‘Write your answer to the nearest cent.

1 mark
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